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In this paper, we consider the most general treatment of spinor fields, their kinematic classification
and the ensuing dynamic polar reduction, for both classes of regular and singular spinors; specifying
onto the singular class, we discuss features of the corresponding field equations, taking into special
account the sub-classes of Weyl and Majorana spinors; for the latter case, we study the condition of
charge-conjugation, presenting a detailed introduction to a newly-defined type of spinor, that is the
so-called ELKO spinor: at the end of our investigation, we will assess how all elements will concur
to lay the bases for a simple proposal of neutrino mass generation.
I. INTRODUCTION
In recent years, physics has witnessed the rise of a new
dichotomy, this time internal to theoretical physics, and
namely the separation between proper theoretical physics
and the more specialized sector of mathematical physics:
the former is still about the construction of models, like
the standard model, while the latter is mainly about the
mathematical study of the general properties of fields, as
the examination of Clifford structures and the subsequent
opportunity to address the definition of extended types
of spinor fields and spinor field dynamics. This last case,
the approach of mathematical physics, is motivated by a
rationale of total generality, with the hope that in doing
so we could unravel the existence of interesting and useful
concepts, which might well remain hidden otherwise.
One of the most general analyses is carried on about
spinors fields, due in part to their central role and in part
to the fact that they are defined in terms of transforma-
tion properties, which make it possible to perform several
forms of classifications: among these, the first and most
known is due to Wigner, who used the momentum vector
and the Pauli-Lubanski spin axial-vector to classify the
spinor in terms of its mass and spin; also known is the
Lounesto classification [1], which is performed employing
the bi-linear invariants that can be constructed in terms
of pair of adjoint spinors; other classifications have been
done in more detailed fashion in [2] and [3]. All of these
classifications are somehow complementary, although for
our purposes we only consider the classification of [3].
This classification employs only the definition of spinor
given in terms of its (active) spinorial transformation law
in the case in which its parameters are point-dependent
(local) [4]: a point-dependent spinorial transformation is
the only one capable of having the point-dependent com-
ponents of a spinor field transferred into point-dependent
tetrad frames [3]. Therefore, it is possible to have spinor
fields stripped of even more of their components, if we are
willing to pay the price of a non-null spinorial connection
in the spinorial covariant derivatives. This might sound
a strange mathematical trick, but it is just the spinorial
equivalent of examining a spinning top by going into the
frame that rotates with it. In such frame the study of the
top would clearly be simplified, although now one would
have to account also for centrifugal inertial effects.
According to this analysis then, it becomes possible to
see that spinors can be split into two classes according to
whether their spinorial bi-linear scalar and pseudo-scalar
are both equal to zero or not: the latter are the regular
spinors and they have been studied in [5]; the former are
the singular spinors and they are the subject of this work.
It is important to notice that inside each class, there
can be further sub-classes: for instance, in the class that
contains singular spinors, we find both Weyl spinors and
Majorana spinors [3]. This last case will be the subject
of a deeper investigation about the general conditions of
charge-conjugation, especially regarding analogies with a
type of recently-introduced spinor called ELKO [6, 7].
As a result of the comparison between ELKO and Ma-
jorana spinors, we will conclude with some comment on
a solution to the problem of neutrino mass generation.
II. GEOMETRICAL SPINOR FIELDS
To begin, we recall the basic theory of spinor fields [3].
The metric tensor is given by gαρ and it will be used to
move coordinate indices; tetrads eαa are always taken to
be ortho-normal gαρe
α
ae
ρ
b=ηab and used to pass from co-
ordinate (Greek) indices to Lorentz (Latin) indices, thus
the Minkowskian matrix ηab is used to move the Lorentz
indices; matrices γa belong to the Clifford algebra, so we
may define
[
γa,γb
]
=4σab and 2iσab= εabcdpiσ
cd where
the parity-odd matrix pi is implicitly defined1, and γ0 is
used to define the conjugate spinor ψ=ψ†γ0 so that
2iψσabψ=Mab (1)
ψγapiψ=Sa (2)
ψγaψ=Ua (3)
iψpiψ=Θ (4)
ψψ=Φ (5)
1 This is usually indicated as gamma with index five, but since this
index has no meaning, we use a notation with no index.
are all real-valued bi-linear tensor quantities. They verify
MabΦ+
1
2εabikM
ikΘ=U jSkεjkab (6)
MabΘ−
1
2εabikM
ikΦ=U[aSb] (7)
together with
MikU
i = ΘSk (8)
− 12εabikM
abU i=ΦSk (9)
MikS
i = ΘUk (10)
− 12εabikM
abSi=ΦUk (11)
and
1
2MabM
ab=Φ2−Θ2 (12)
UaU
a=−SaS
a=Θ2+Φ2 (13)
1
4MabMijε
abij=2ΘΦ (14)
SaU
a=0 (15)
called Fierz re-arrangements, and being spinor identities.
To classify spinorial fields, we first consider the case in
which at least one of the two scalars Θ or Φ is non-zero:
in this situation, (13) tells that Ua is time-like, and so it
is always possible to perform up to three boosts in order
to bring its space components to vanish; then, it is always
possible to use the rotations around the first and second
axis in order to bring the space part of Sa aligned with
the third axis; finally it is always possible to employ the
third rotation in order to bring the spinor into the form
ψ=S


ei
β
2
0
e−i
β
2
0

φ (16)
up to a transformation of type ψ→piψ and up to a third
axis reflection, and where S is a general spinorial trans-
formation law. The complementary situation is presented
whenever both the scalars Θ and Φ are identically zero:
in this case, (12, 14) tell that ifMab is written in terms of
components M0K =EK and MIJ = εIJKB
K then these
components verify E2=B2 and ~E· ~B=0 and this implies
that it is always possible to perform up to three rotations
in order to bring ~B and ~E aligned respectively with first
and second axis; then, it is always possible to employ the
third boost in order to bring the spinor into the form
ψ=Seiχ


cos θ2
0
0
sin θ2

 (17)
up to a transformation of type ψ→piψ and up to a third
axis reflection, with S being a general spinorial transfor-
mation law. Because of the complementarity of these two
classes, any spinor must be in either of them [3].
From the metric, we define Λσαν as the symmetric con-
nection; with it, the tetrad fields and the Minkowski ma-
trix, we define Ωakπ= η
kbξνb ξ
a
σ(Λ
σ
νπ−ξ
σ
i ∂πξ
i
ν)=−Ω
ka
π as
the spin connection; with it, and together with the gauge
potentials Aµ with q charge, it is finally possible to define
Ωµ =
1
2Ω
ab
µσab+iqAµI (18)
called spinorial connection and in terms of which we can
define ∇µψ=∂µψ+Ωµψ to be the torsionless form of the
spinorial covariant derivative. In giving this definition we
assumed the coordinate connection to be symmetric, that
is torsionless, but this amounts to no loss of generality, if
torsion is eventually added in the form of the completely
antisymmetric dual of an axial-vector field Wσ [8].
According to the above classification, (16) would give
rise to the spinorial covariant derivative of the form
∇µψ=[∇µ lnφI−
− i2∇µβpi +
+i(qAµ−Pµ)I+
+ 12 (Ωijµ−Rijµ)σ
ij ]ψ (19)
in which S∂µS
−1= iPµI+ 12Rijµσ
ij with Pµ gauge vector
and Rανµ spin connection, and with Aµ and Ωijµ as the
electrodynamic potential and gravitational field; remark
that because the spinor field is point-dependent, having
components transferred into the frame requires that the
transformation law S be also point-dependent, and this
means in turn that the spinorial connection has non-zero
components: the balance between degrees of freedom and
non-zero components of the spinorial connection is shown
in the fact that the spinorial covariant derivative is indeed
covariant term by term. In the complementary situation,
we would have that (17) would give rise to the covariant
spinorial derivative according to the following form
∇µψ=[−
i
2∇µθSγ
2S−1pi +
+i∇µχ+
+i(qAµ−Pµ)I+
+ 12 (Ωijµ−Rijµ)σ
ij ]ψ (20)
in which a strange term Sγ2S−1 has appeared: it is quite
difficult to interpret this term but one thing we may say
is that it clearly depends on the frame. These forms are
called polar forms of the spinorial covariant derivative.
The dynamics is set by the complete Lagrangian
L = 14 (∂W )
2− 12M
2W 2+R+ 14F
2 −
−iψγµ∇µψ+Xψγ
µpiψWµ+mψψ (21)
in which ∂W is the curl of the axial-vector torsion, R the
Ricci scalar and F the Maxwell tensor, and where X , M
and m are the torsion-spinor coupling constant, and the
torsion and spinor masses, considered for generality.
However, this full Lagrangian is not really going to be
needed in the following, because we intend to specialize
on the Dirac spinor field, whose spinor field equation is
iγµ∇µψ−XWσγ
σpiψ−mψ=0 (22)
2
which is the equation we work out next. Multiplying this
equation by the Clifford matrices and the adjoint spinor
and then splitting real and imaginary parts, we obtain
i
2 (ψγ
µ
∇µψ−∇µψγ
µψ)−XWσS
σ−mΦ=0 (23)
∇µU
µ=0 (24)
i
2 (ψγ
µpi∇µψ−∇µψγ
µpiψ)−XWσU
σ=0 (25)
∇µS
µ−2mΘ=0 (26)
i
2 (ψ∇
αψ−∇αψψ)− 12∇µM
µα −
− 12XWσMµνε
µνσα−mUα=0 (27)
∇αΦ−2(ψσµα∇
µψ−∇µψσµαψ) +
+2XΘWα=0 (28)
∇νΘ−2i(ψσµνpi∇
µψ−∇µψσµνpiψ)−
−2XΦWν+2mSν=0 (29)
(∇αψpiψ−ψpi∇αψ)−
1
2∇
µMρσερσµα +
+2XWµMµα=0 (30)
∇µSρεµραν+i(ψγ[α∇ν]ψ−∇[νψγα]ψ) +
+2XW[αSν]=0 (31)
∇[αUν]+iεανµρ(ψγρpi∇µψ−∇µψγρpiψ)−
−2XWσUρε
ανσρ−2mMαν=0 (32)
which are known as Gordon-Madelung decompositions.
Having the above polar form of the spinorial covariant
derivative (19) and all Gordon-Madelung decompositions
it is possible to compute the corresponding polar form
of the Gordon-Madelung decompositions; however, this
procedure is highly redundant as all resulting expressions
can be derived from the two following expressions
1
2εµανι(R−Ω)
ανι−2(P−qA)ιu[ιsµ] −
−2XWµ+∇µβ+2sµm cosβ=0 (33)
(R−Ω) aµa −2(P−qA)
ρuνsαεµρνα +
+2sµm sinβ+∇µ lnφ
2=0 (34)
as the only two independent equations. As for the polar
form of the spinorial covariant derivative (20) it would in
principle be possible to plug it in all Gordon-Madelung
decompositions, but before embarking on such laborious
task it would be desirable to understand the significance
of the strange frame-related term. We shall postpone this
discussion to the next section, entirely devoted to it.
For the moment, we would like to comment on the fact
that what we called regular spinors are described within
the Lounesto classification as the first three classes: the
first class contains the most general spinor, and perhaps
paradoxically this is the only class of which we know no
exact solution in presence of interactions; the second class
is characterized by the constraint Θ=0 and in this class
there are exact solutions in presence of gravitational field
as described in [9] as well as standard solutions in plane
waves for free particles in QFT; the third class is the one
in which Φ=0 and as weird as this may look nevertheless
we do know exact solutions with gravity [10]. And what
we called singular spinors are described by the Lounesto
classification as the last three classes. We will undertake
the discussion of these three classes in what follows.
III. CLASSES OF SINGULAR STRUCTURE
From now on we will focus on the classes containing
singular spinors, those subject to the condition for which
both scalars have Θ=Φ=0 identically: consequently, the
remaining bi-linear spinors are such that the vector and
axial vector are parallel and light-like UaU
a=0 while for
the tensor MabM
ab=0 and MabMijε
abij=0 as well, and
we also have MikU
i = 0 and εabikM
abU i=0 as the Fierz
conditions; as shown above, an explicit representation is
given with Sk=− cos θUk according to
U0=1 (35)
U3=−1 (36)
M02=sin θ (37)
M23=sin θ (38)
obtained when
ψ=eiχ


cos θ2
0
0
sin θ2

 (39)
up to the transformation ψ→piψ and up to a third axis
reflection, and valid in a specific frame. In the Lounesto
classification these are further split into three classes: the
fourth class contains spinors that have no supplementary
constraint; the fifth class contains spinors subject to the
further restriction Sa=0 such as Majorana spinors; the
sixth class contains spinors subject to the further restric-
tion Mab=0 such as Weyl spinors. We notice that there
can be no class for which Ua=0 because in this case the
spinor field would simply be identically equal to zero.
Now, as we already had the opportunity to remark, in
the expression of the spinorial covariant derivative
∇µψ=[−
i
2∇µθSγ
2S−1pi +
+i∇µχ+
+i(qAµ−Pµ)I+
+ 12 (Ωijµ−Rijµ)σ
ij ]ψ (40)
we had the strange term Sγ2S−1 which was suggesting
that this expression was also frame dependent. However,
there is something even odder in this expression when we
consider the Lounesto classification: since the θ angle is
supposed to be a dynamical variable, then in principle it
should be free to move across its values, and in particular
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passing from θ=0, π to θ=±π/2 at will; because the first
two values θ=0, π are those identifying Weyl spinors and
the second two values θ=±π/2 are those that identify a
Majorana spinor, then it follows that it could be possible
to have Weyl spinors mutating into a Majorana spinor or
viceversa. This situation may look intriguing, although
admittedly it does not appear to have a physical counter-
part; another option may be that some mechanism would
intervene to seal off two different Lounesto classes, hence
removing the possibility that spinors of one class could
mutate into spinors of another class. The last occurrence,
if ever justified, would be implemented by the constraint
that the angle should be constant, and a consequence of
this fact would be that we would no longer have to worry
about the strange frame-dependent factor. We also have
to notice that for Weyl spinors we can always employ a
combination of rotations to remove the phase; and for a
Majorana spinor there can be no electrodynamic interac-
tion and thus no phase is even admitted. Consequently,
we may also neglect the phase in both cases. All elements
put together, we have that it is a reasonable working hy-
pothesis to assume the spinorial covariant derivative
∇µψ=[i(qAµ−Pµ)I+
+ 12 (Ωijµ−Rijµ)σ
ij ]ψ (41)
as the form we will employ in all of the following sections.
All Gordon-Madelung decompositions with such polar
form (41) are consequently reduced to the expressions
[ 14 (Ω−R)
ανρεανρµ−XWµ]S
µ−(qA−P )µU
µ=0 (42)
(Ω−R) aµa U
µ=0 (43)
[ 14 (Ω−R)
ανρεανρµ−XWµ]U
µ−(qA−P )µS
µ=0 (44)
(Ω−R) aµa S
µ=0 (45)
1
2 [
1
4 (Ω−R)
ανρεανρµε
πκµσ−XWµε
πκµσ +
+gσκ(Ω−R)πaa]Mπκ−mU
σ=0 (46)
(qA−P )µMµσ=0 (47)
− 12 (qA−P )
µMπκεπκµσ+mSσ=0 (48)
[ 14 (Ω−R)
ανρεανρπgκσ−XWπgκσ −
− 14 (Ω−R)
µa
aεµπκσ]M
πκ=0 (49)
[(Ω−R)ραν+(Ω−R)νρα+(Ω−R)ανρ +
+gρα(Ω−R)νµµ−g
ρν(Ω−R)αµµ −
−2XWσε
ανσρ]Sρ−2(qA−P )µUρε
ανµρ=0 (50)
[(Ω−R)ραν+(Ω−R)νρα+(Ω−R)ανρ +
+gρα(Ω−R)νµµ−g
ρν(Ω−R)αµµ −
−2XWσε
ανσρ]Uρ−2(qA−P )µSρε
ανµρ−2mMαν=0(51)
which in the following we discuss in terms of two disjoint
sub-classes: one is given by Weyl, single-handed (either
left-handed or right-handed), spinors, the other is given
by Majorana, charged-conjugated (either self-conjugated
or antiself-conjugated), spinors. We proceed in parallel.
The case of the Weyl spinor is given by single-handed,
that is either left-handed or right-handed, spinorial fields:
they have Mab=0 so that Sa=±Ua realized by
U0=U3=1 (52)
obtained when
ψ=


1
0
0
0

 or ψ=


0
0
1
0

 (53)
for left-handed and right-handed cases, up to ψ→piψ and
up to a third axis reflection, and valid only in a specific
frame of reference. The complementary case of Majorana
spinor is given when ηγ2ψ∗=ψ where η is an irrelevant
constant phase: in this case we have that Sa=0 and
U0=U3=1 M
02=M23=1 (54)
obtained when
ψ= 1√
2


1
0
0
1

 (55)
up to the transformation ψ→piψ and up to a third axis
reflection, and again valid in a specific frame. Both cases
turn out to be spinors with a completely constant form.
The Gordon-Madelung decompositions in polar form
in the Weyl case give that m≡0 identically and
(Ω−R) aµa U
µ=0 (56)
[ 14 (Ω−R)
ανρεανρµ−XWµ±(qA−P )µ]U
µ=0 (57)
[(Ω−R)ραν+(Ω−R)νρα+(Ω−R)ανρ +
+gρα(Ω−R)νµµ−g
ρν(Ω−R)αµµ −
−2XWσε
ανσρ±2(qA−P )µε
ανµρ]Uρ=0 (58)
in terms of the vector current. For the Gordon-Madelung
decompositions in polar form in the Majorana case there
are considerable simplifications due to the fact that these
spinors have no charge vector current nor spin axial vec-
tor current and so they do not couple to electrodynamics
nor torsion, with the resulting equations of the form
(Ω−R) aµa U
µ=0 (59)
(Ω−R)ανρUµεανρµ=0 (60)
[(Ω−R)ραν+(Ω−R)νρα+(Ω−R)ανρ +
+gρα(Ω−R)νµµ−g
ρν(Ω−R)αµµ]Uρ−2mM
αν=0 (61)
similar to those of Weyl plus
[(Ω−R)ανρεανρπgκσ−(Ω−R)
µa
aεµπκσ]M
πκ=0 (62)
1
2 [
1
4 (Ω−R)
ανρεανρµε
πκµσ +
+gσκ(Ω−R)πaa]Mπκ−mU
σ=0 (63)
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in terms of the vector current and the tensor. If the above
Weyl equations were to be taken with no electrodynamics
nor torsion they would be completely identical to the first
three Majorana equations in the case of no mass, and in
both cases we witness that the field equations are reduced
to a form that results to be genuinely algebraic.
Some comment for the singular spinors of the last three
classes of Lounesto classification: the fourth class is the
most general and we know no solution; in the Weyl case
there are exact solutions in presence of gravitation as it is
described in [11]; the Majorana case is somewhat special
because spinors of this type in recent times have been the
subject of a number of studies [12–20], and in particular
the theory of eigen-spinors of charge conjugation has been
developed in terms of spinors called ELKO (German for
Eigenspinoren des LadungsKonjugationsOperators), in a
self-contained way [6, 7]. We will talk about ELKO next.
IV. OPERATION OF CHARGE CONJUGATION,
ELKO AND NEUTRINO MASSES
The Majorana spinor is defined to be an eigen-spinor
of the operation of charge conjugation ηγ2ψ∗=ψ with η
an irrelevant constant phase, and because this expression
in German has the acronym ELKO, this is the name that
has been recently given to the theory that presupposes
to study them in the most detailed manner: there is still
a difference between the standard Majorana spinors and
these non-standard ELKO spinors, and that is that Majo-
rana spinors are Grassmann-valued fields undergoing to a
first-order differential field equation while ELKO spinors
are defined in terms of a new dual and they undergo to a
second-order differential field equation. In the Majorana
case their being Grassmann-valued has the same role that
in the ELKO case the new dual has, namely they are the
elements needed to have the field equations derived from
a Lagrangian. But it is intrinsic to their structure that a
Majorana and an ELKO entail different Lagrangians.
More in detail, for the Majorana spinors, the general
form of field is such that iγ2ψ∗=ψ or explicitly as
ψ=
(
iσ2φ∗
φ
)
=


Be−iβ
−Ae−iα
Aeiα
Beiβ

 (64)
where φ is a semi-spinor of defined chirality while A, B,
α, β are four real scalar fields; this spinor might be seen
as a potential solution of the Dirac field equation
iγµ∇µψ−mψ=0 (65)
which for q=0 is invariant under charge conjugation as
expected; this should come from the Lagrangian
L = i2 (ψγ
µ
∇µψ−∇µψγ
µψ)−mψψ (66)
if it were not for the fact that in this case ψψ≡ 0 iden-
tically, a problem that might be solved by requiring that
they be Grassmann-valued fields. For ELKO spinors, the
construction is similar from the kinematical point of view
in the sense that they are such that γ2λ∗=±λ or
λ=
(
±σ2φ∗
φ
)
=


∓iBe−iβ
±iAe−iα
Aeiα
Beiβ

 (67)
differing from a Majorana spinor only up to an irrelevant
constant phase and where the double sign corresponds to
self-conjugate and antiself-conjugate ELKO; in the most
general approach one can define a new dual for ELKO as
λ˜= iλ†γ0ε (68)
where ε is the matrix that flips the helicity of the spinor
as described by equation (4.55) of [21]; a common result
widely reviewed in ELKO literature is that ELKO fields
thus constructed are not solutions of the Dirac equation,
so that ELKO fields are postulated to be potential solu-
tions of the Klein-Gordon–like field equation
∇
2λ+m2λ=0 (69)
invariant under charge conjugation and coming from
L =∇αλ˜∇αλ−m
2λ˜λ (70)
in which λ˜λ 6=0 in general [21]. Consequently, the prob-
lem that for the Majorana spinors has been circumvented
by introducing Grassmann variables for ELKO spinors is
not even there because of Ahluwalia duals; and Majorana
fields satisfy a first-order derivative field equation while
ELKO fields do not and thus second-order derivative field
equations seem needed. For a good comparison between
the two situations see also the references [22, 23].
We discuss now how we think Majorana and ELKO to
be more similar than what is usually believed. For sake
of clarity, we will use the above formalism very heavily.
We shall start from the fact that, as we have discussed
above, it is always possible to find a frame in which some
given Majorana spinor field can be written as
ψ=


1
0
0
1

 (71)
and thus with no real scalar degree of freedom; in return,
this means that Majorana spinor fields saturate the entire
Lounesto class, and because ELKO are in the same class,
then ELKO must be Majorana spinor fields, and not only
kinematically, but in general dynamics: since the above
results have been obtained by exploiting transformation
properties of the bi-linear fields, which depend on the
Dirac dual, and because for an ELKO it is the Ahluwalia
dual that has to be considered, one might argue that the
previous derivation would no longer be valid, and there-
fore we will demonstrate our claim by direct inspection,
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employing transformation laws. We recall that the trans-
formation laws for spinorial fields are given by
SR1=


cos θ i sin θ 0 0
i sin θ cos θ 0 0
0 0 cos θ i sin θ
0 0 i sin θ cos θ

 (72)
for the rotation around the first axis of angle θ with
SR2=


cosϕ sinϕ 0 0
− sinϕ cosϕ 0 0
0 0 cosϕ sinϕ
0 0 − sinϕ cosϕ

 (73)
for the rotation around the second axis of angle ϕ and
SR3=


eiζ 0 0 0
0 e−iζ 0 0
0 0 eiζ 0
0 0 0 e−iζ

 (74)
for the rotation around the third axis of angle ζ while
SB3=


e−η 0 0 0
0 eη 0 0
0 0 eη 0
0 0 0 e−η

 (75)
is the boost along the third axis of rapidity η in the most
general case; the general form of ELKO fields is given by
λ=


−iBe−iβ
iAe−iα
Aeiα
Beiβ

 (76)
where we have specialized for the self-conjugate (of course
the antiself-conjugate would give the same result): if we
calculate λ′=SR1SR2λ we see that for λ′ we may choose
to simultaneously set the second and third components
to zero (or we may choose to simultaneously set the first
and fourth components to zero) if and only if
Aeiα(cos θ cosϕ−i sinϕ sin θ) +
+Beiβ(cos θ sinϕ+i cosϕ sin θ)=0 (77)
and since this relationship can aways be inverted in order
to get in terms of A/B and α−β the angles θ and ϕ then
we conclude that it is always possible to write ELKO as
λ′=


e−i(β+
pi
2
)
0
0
eiβ

B (78)
in general; if now we calculate λ′′=SR3λ′ we see that it
is always possible to pick in terms of β the function ζ so
that we could always write ELKO like
λ′′=


1
0
0
1

B (79)
up to ei
pi
4 which is an irrelevant constant phase; finally, if
we calculate λ′′′=SB3λ′′ we see that it is always possible
to pick in terms of B the function η so that we can always
write ELKO according to the expression
λ′′′=


1
0
0
1

 (80)
which recovers a result by Ahluwalia for which in the case
of ELKO the boost does not mix the various components
but it simply amounts to an overall scalar shift [21], and
eventually proving that ELKO can always be reduced to
a Majorana field in the form (71) in general. This proves
mathematically that ELKO and Majorana spinor fields
are the same kinematically, and because this proof does
not suppose spinor fields to be constant, but it is done
in general in the case in which they are point-dependent
fields, then there is nothing that prevents these results
to be extended to their full dynamical behaviour.
What this means in particular is that there should in
principle be nothing preventing ELKO to be solutions of
first-order derivative field equations of Dirac type; on the
other hand, it is an established result that ELKO are not
solutions of the Dirac equation [21]: our interpretation of
this apparent conundrum is that albeit Ahluwalia’s initial
calculations are obviously correct, nevertheless they are
valid only for ELKO in form of plane waves as in [21] but
not in general. In fact, if we take ELKO as considered in
terms of plane waves, they could be reduced to
ψ=S


1
0
0
1

 (81)
just in terms of rigid S so that Rijµ=0 and in addition
there is also no gravitational field: hence the Majorana
spinor field equations (59, 60, 61, 62, 63) reduce to the
mere constraint m=0 compatibly with results reviewed
in reference [21]. So we confirm that ELKO fields in the
form of plane waves cannot be solution of flat space-time
Dirac equations, but we do not stretch this up to stronger
claims for which any ELKO however general cannot be a
solution of correspondingly general Dirac equations.
It is fundamental to remark here that ELKO spinors
as potential solutions for some types of Dirac spinor field
equations is not a new idea, and some work can be found
in literature such as for instance in reference [24].
We stress however that this does not mean that ELKO
theories should be rejected, and in fact we think that the
contrary is true: ELKO theories, with the definition of
the Ahluwalia dual, do provide the missing ingredient for
the Majorana theory to be completed. The problem with
a Majorana field is that its dynamical field equations can
be derived from a Lagrangian only if we can compute a
non-vanishing bi-linear scalar: this is a thing that does
not seem possible, unless we employ some supplementary
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structure like the Grassmann variables, but Grassmann
variables, despite being a well-defined concept, appear to
be included as a patch over a gap of a pre-existing theory,
a solution that might look artificial to some. Without the
help of some super-imposed additional structure, it would
seem impossible to give the definition of a non-vanishing
bi-linear scalar, or better, we do not have a non-vanishing
bi-linear scalar if the conjugated spinor is the usual Dirac
conjugated spinor. But if we make use of the Ahluwalia
conjugated spinor then a non-vanishing bi-linear scalar is
clearly possible as we have discussed just above.
The spinor conjugation is not uniquely defined and as
a matter of fact there are at least two that can be found,
namely the standard Dirac conjugation and the recently
introduced Ahluwalia conjugation. As Dirac conjugation,
with its flipping of chiral components, is best suited for
eigen-spinors of parity, Ahluwalia conjugation, with its
flipping of helicity as well as chiral components, is best
suited for eigen-spinors of charge conjugation. Once each
type of spinor has the spinorial conjugation that suites it
most, the construction of the Lagrangian is as usual.
There is now a problem which, with all these elements,
seems to be less tragic, when seen in a new light.
The problem is that of the neutrino mass generation
mechanism. It is in fact a well established experimental
result that neutrinos display oscillation, the feature for
which neutrino flavours are transmuted from one another
across the neutrino propagation: if neutrinos had masses,
neutrino oscillations could be explained. Contrary to the
common belief, there is no known proof that the reverse
implication also works, and so we have to keep an open
mind for the possibility that some mechanism can fit the
oscillations even in absence of mass, but still, we do know
that neutrino masses do imply neutrino oscillation, and
so it might be simpler to have a mechanism of neutrino
mass generation. This mechanism, however, is elusive.
In the standard model of particle physics, neutrinos are
taken to be massless, and although with the inclusion of
right-handed sterile neutrinos it is possible to generate a
neutrino mass along with the lepton mass, in exactly the
same manner in which we generate both quark masses,
this solution suffers for the fact that right-handed sterile
neutrinos do not seem to exist; the lack of right-handed
neutrinos is not a problem if we can create them starting
from left-handed neutrinos, and Majorana fields do this
precisely, although now the problem is that the Majorana
mass is LMajorana= Y φ
†LLφ (with L being the doublet
of left-handed spinors and φ being the doublet of complex
scalars), which is a term of mass dimension 5 that spoils
the property of renormalizability of the standard model
in its core. So far, there does not seem to be a way out,
but a possible solution may reside in the Ahluwalia dual
used for the neutrinos. The Lagrangian of the standard
model in the material sector would then be given by
Lmatter= iLγ
µ
∇µL+iRγ
µ
∇µR+iλ˜γ
µ
∇µλ+
+∇µφ
†∇µφ+Λ2(v2φ2− 12φ
4)−
−Ye(LφR+Rφ
†L)−Yν(Liσ2φ∗λ−λ˜φT iσ2L) (82)
where the transformations of the fields are the standard
gauge transformations of the SU(2)L×U(1) group
λ′ = λ (83)
R′ = e−iαR (84)
L′ = e−
i
2 (~σ·~θ+αI)L (85)
φ′ = e−
i
2 (~σ·~θ−Iα)φ (86)
so that Lagrangian (82) would be fully gauge invariant.
After the spontaneous symmetry breaking and having
gone into the unitary gauge, where φT =(0, v) is given as
the Higgs vacuum, we can write the Yukawa potential as
L Yukawamatter =−Yev[(eL)
†eR+(eR)†eL]−
−Yνv[i(ϕL↓)Tσ2νL↑] (87)
having taken
λ=
(
ϕL↑
σ2(ϕL↑)∗
)
(88)
and
R=
(
0
eR
)
(89)
with
L=


(
νL↑
0
)
(
eL
0
)

 (90)
in which the up arrow ↑ stands for the spin-up helicity,
and exhibiting both a Dirac mass term and an Ahluwalia
mass term. Explicitly, it is possible to see that
λ˜= i
(
(ϕL↓)Tσ2 (ϕL↓)†
)
(91)
in which the down arrow ↓ is for the spin-down helicity,
and in which we have that i(ϕL↓)Tσ2νL↑ 6=0 in the most
general of the possible circumstances as it can be seen by
direct inspection. Lagrangian (87) has two non-null mass
terms, both come from a Yukawa potential, whose mass
dimension 4 ensures renormalizability, none involves any
right-handed sterile neutrino, never observed so far.
In the struggle between restrictions of renormalizabil-
ity and the need to construct a mass term, the dual first
introduced by Ahluwalia releases the tension by offering
a viable neutrino mass generation mechanism.
V. CONCLUSION
In this paper, we have reviewed the classification of the
spinors between regular and singular, and among the sin-
gular we have better studied the separation betweenWeyl
and Majorana spinors; in this last case, we have detailed
the discussion on eigen-spinors of the charge conjugation
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operation, highlighting analogies and differences between
standard Majorana spinors and new ELKO spinors: the
main difference is that the former are Grassmann-valued
while the latter have to satisfy a higher-order derivative
field equation. We have hence proceeded to show how it
may be thinkable for ELKO to satisfy least-order deriva-
tive field equations of Dirac type and that we do not need
to develop a theory of Majorana spinors with Grassmann
variables if we define the Ahluwalia dual: the Ahluwalia
dual is another form of dual that can be defined alongside
to the Dirac dual, the two differing for the fact that the
Ahluwalia dual can be employed to build bi-linear tensors
mixing helicity and chirality states while the Dirac dual
can be used to build bi-linear tensors that mix chirality
states only. As we recognize that not one but two duals
can be introduced, each best suited for a specific type of
spinors, a solution for the problem of the neutrino mass
generation mechanism is seen to arise quite naturally.
In fact, the neutrino mass generation mechanism has
the problem that the neutrino mass term is either of Dirac
type, and so it would need right-handed sterile neutrinos
still undetected, or of Majorana type, and hence it is non-
renormalizable: this appears to be unsolvable, and it is
unsolvable if we stick to the use of Dirac dual. But if we
pass to the employment of the Ahluwalia dual, we have a
simple way of considering only the left-handed standard
neutrinos to build some renormalizable mass term.
Would this Ahluwalia mass term still give rise to the
same type of neutrino oscillations? And if not, what are
the main differences that this alternative mass term, with
its mixing of helicity states, could bring about?
A mechanism of chiral oscillations in connection with
flavor oscillations has also been studied [25, 26]. And an
alternative mechanism of mass generation has also been
presented recently in the literature [27, 28].
These works contain some parallel study with respect
to our investigations, so how would our results compare
to those of Bernardini and colleagues?
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